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The tail is likewise curved up underneath, and lies with 
its broad surface towards the body, turning either towards 
the right or the left, and thickening part of the hinder 
extremities. In f!itree examples the extremities are fully 
developed, and even show the characteristic discs on the 
tops of the toes. In the fourth example all four extremi-
ties present short stumps, a:nd as yet show no traces of 
toes, wberes.s, as is well known, in the Batrachia anura 
generally the hinder extremities and the ends of the feet 
first appear. Neither of branch ire nor of branchial slits 
is there any trace. On the other hand, in the last-men-
tioned example, the tail is remarkahly larger, and has its 
broad surface closely adherent to the inner wall of the 
vesicle, and very full of vessels, so that there can be no 
doubt of its function as a breathing organ. As develop-
ment progresses, the yelk-bag on the belly and the tail 
become gradually smaller, so that at last, when the li'ttle 
animal, being about 5 mill, long, bursts through the enve-
lope, the tail is only I ·8 mill. in length, and after a few 
hours only 0·3 mill. long, and in the course of the same 
day becomes entirely absorbed. Examples of the same 
hatch of ova, which were placed in spirit eight days after 
their birih, have a length of from 7'0 to TS mill., whence 
we may conclude that their growth is not quicker than in 
other species of Batracbians. · 
· The development of 1his frog, Dr. Peters observes (and 
probably of all the nearly allied species), wi1hout metamor-
phosi·, without branchi;:e, with contemporaneous evolution 
of the ant,crior and post,0 rior extremities, as in the case of 
the higher vertebrates, anct within a vesicle, like the amnion 
of these latter, if not strictly equivalent to it, is truly re-
markable. But this kind of development is not quite 
unparalleled in the Batrachians, for it has long been known 
that the young of Pij;a amerzcana come forth lrom the 
eggs laid in the cdls on their mother's back tailles, and 
perfectly developed. ln them, likewise, no one has yet 
detected branchi;:e, and we also know from the observa-
tions of Camper,1 that the embryos at an earlier period are 
provided with a tail-like appendage, which in this case 
also, may be perhaps regarded as an organ of breathing, 
po~sibly corresponding to the yelk-placenta of the hag-
fish. As. regards this point, aho, Laurenti says of the 
Pipa : "PulH ex loculamentis dorsi prodeuntes, metamor-
phosi nulla?" (Sin. Rept., p. 25.) · 
. Hwould l/e of_the highest interest, Dr, Peters adds, to 

follovv exactly this remarkable development on the spot. 
The development of the embryo of these Batrachians in a 
way very like_ tha! of the scaled Reptilia makes one suspect 
that an exammat1on of the temporary embryonic structures 
of Hylodes and Pipa would result in showing remarka!!e 
differences from those of other Batrachians. The aeneral 
conclusions which might be drawn from this disco:ery are 
so obvio11s, says Dr. Peters, in conclmion, that it would be 
superfluous to put them forward. 

A subsequent communication of Dr. Peters to the 
Academy informs us that it had escaped his notice that 
M. Bavay, of Guadaloupe, had already published some 
observations on the development of Hylodes martini-
censis.~ According to his observations, on each side of 
t~e heart t~ere is a branchia cons)sting cf one simple 
gill-arch, which on the seventh day 1s no longer discern-
ible. On the ninth day there is no longer a trace of a 
tail, and on the tenth day the little animal emerges from 
the egg. M. Bavay alrn observed the contemporaneous 
developme·nt of the four extremities, and hints at the 
function of the tail as an organ of breathing. 

The observations of Dr. Gundlach, therefore says Dr. 
Peters, differ in so'.'1e resp~cts from those of M. Bovay. 
It would be specially desirable, however, to ascertain 
whether fre arched vessel on each side of the heart is 
r7a)ly to be regarded as a gill-arch, or only as the in-
cipient ':)end of the aorta. 

:i.omm.:, So:-. Re_g. Go!ting, CI. phys. ix p. 135 (t788). 
un, ,.__c, Nat. :::.er. 5, X\'ll, 1 art. No, 16 (t873.) 

TYPICAL LAWS OF HEREJJJTY 1 

\VE are far too apt to regard common events as 
matters of course, and to accept many things as 

obvious truths which are not obvious truths at all, but 
present problems of much interest. The problem to 
which I am about to direct attention is one of these. 

Why is it when we compare two groups of persons 
selected at random from the same race, but belonging to 
different generations of it, we find them to be closely 
alike? Such statistical differences as there may be, are 
always to be ascribed to differences in the general con-
ditions of their lives ; with these I am not concerned at 
present, but so far as regards the processes of heredity 
alone, the resemblance of consecutive generations is a 
fact common to all forms of life. 

In each generation there will be tall and short indi-
viduals, heavy and light, strong and weak, dark and pale, 
yet the proportions of the innumerable grades in which 
these several characteristics occur tends to be constant. 
The records of geological history afford striking evidences 
of this. Fossil remains of plants and animals may be dug 
out of strata at such different levels that thousands of 
generations must have intervened between the periods in 
which they lived, yet in large samples of such fossils we 
seek in vain for peculiarities which will distinguish one 
generation taken as a whole from another, the different 
sizes, marks and variations of every kind, occurring with 
equal frequency in both. The processes of heredity are 
found to be so wonderfully balanced and their equi-
librium to be so stable, that they concur in maintaining 
a perfect statistical resemblance so long as the external 
conditions remain unaltered. 

If there be any who are inclined to say there is no 
wonder in the matter, because each individual tends to 
leave his like behind him, and therefore each generation 
must resen1ble the one preceding, I can assure them that 
they utterly misunderstand the case. Individuals do not 
equally tend to leave their like behind them, as will be 
seen best from an extreme illustration. 
. Let us then consider the family history of widely dif-
ferent groups ; say of roo men, the most gigantic of their 
race and time, and the same number of medium men. 
Giants marry much more rarely than medium men, and 
when they do marry they have but few children. It is a 
matter of history that the more remarkable giants have 
left no issue at all. Consequently the offspring of the roo 
giants would be much fewer in number than those of the 
medium men. Again these few would, on the average, 
be of lower stature than their fathers for two reasons. 
First, their breed is almost sure to be diluted by 
marriage. Secondly, the progeny of all exceptional 
individuals tends to" revert" towards mediocrity. Con-
,equently the children of the giant group would not 
only be very few but they would also be compa-
ratively short. Even of these the taller ones would be 
the least likely to live, It is by no means the tallest men 
who best survive hardships, their circulation is apt to 
be languid and their constitution consumptive. 

It is obvious from this that the roo giants will _not 
leave behind them their quota in the next generation. 
The 100 medium men, on the other hand, being more 
fertile, breeding more truly to their like, being bette~ fitted 
to survive hardships, &c., will leave more than their pro-
portionate share of progeny. This being so, it might be 
expected that there would be fewer giants and . more 
medium-sized men in the second generation than 11: the 
first. Yet, as a matter of fact, the giants and me?1um-
sized men will, in the second generation, be found m t~e 
same proportions as before. The question, then, 15 

this :-How is it that although each individual does not 
as a rule leave his like behind him, yet successive ge_nera-
tions resemble each other with great exactitude 1n all 
their general features ? 

r Le1:ture delivered at the Royal Institution, Friday evening, February 
9, by Francis Ga1ton, F R. S. 
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them and the little heap that it forms on the bottom 
line. ' This part of the apparatus is lI~e a harrow with .its 
spikes facing us ; be.low these are vertical ~ompartments; 
the whole is faced with a glass plate. I will pour pellets 
from any point above the spikes, they will fall against !he 
spikes, tumble about. among th~m, and aft~r pursumg 
devious paths, each will finally smk to rest m the com-
partment that lies beneath the place whence it emerges 
1rom its troubles. 

The courses of the pellets are extremely irregular, it is 
rarely that any two pursue the same path from beginning 
to end, yet notwithstanding this you wiU observe the 
regularity of the outline of the heap formed by the accu• 
mulation of pellets. 

F1G. 2. 

This outline is the geometrical representation of the 
ourve of deviation. If the rows of spikes had been few, 
the deviation would have been slight, almost all the 
pellets would have lodged in a single compartment and 
would then have resembled a column ; if they had been 
very numerous, they would have been scattered so widely 
that the part of the curve for a long distance to the right 
and left of the point whence they were dropped would 
~ave been of uniform width, like an horizontal bar. With 
mtermediate numbers of rows of teeth, the curved contour 
of the heap would assume different shapes all having a 
svong family resemblance. I have cut sorde of these out 
0 cardboard ; they are represented in the diagrams (Figs. 

2 a~d .3), Theoretically speaking, every possible curve of 
deviation may be formed by an apparatus of this sort 
by var)ing the length of the harrow and the number of 
pellets poured in. Or if I draw a curve on an elastic 
sheet of india-rubber, by stretching it laterally I produce 
the effects of increased dispersion ; by stretching it ver-
tically I prodl!lce that of increased numbers. The latter 
variation is shown by the successive curves in each of the 
diagrams, but it does not concern us to-night, as we are 
dealing with proportions, which are not affected by the 
size of the sample. To specify the variety of .curve so far 
as dispersion is concerned, we must measure the amount 
of lateral stretch of the india-rubber sheet. The curve 
has no definite ends, so we have to select and define two 
points in its base, between which the stretch may be 
measured. One of these points is always taken directly 
below the place where the pellets were poured in. This 
is the point of no deviation, and represents the mean 
position of all the pellets, or the average of a race. It is 
marked as o0

• The other point is conveniently taken at 
the foot of the vertical line that divides either half of the 
symmetrical figure into two equal areas. I take a half 
curve in cardboard that I have again divided along this 
line, the weight·of the two portions is equal. This distance 
is the value of 1° of deviation, appropriate to each curve. 

We extend the scale on either side of o0 to as many 
degrees as we like, and we reckon deviation as positive, 
or to be added to the average, on one side of the centre 
say to the right,. and negative on the other, as shown in 
the diagrams. Owing to the construction, one quarter or 
25 per cent. of the pellets will lie between o0 and 1°, and 
the law shows that 16 per cent. will lie between + 1° and + 2°, 6 per cent. between + 2° and + 3", and so on. It 
is unnecessary to go more minutely into the figures, for 
it will be easily understood that a formula rs capable of 
giving results to any minuteness and to any fraction of a 
degree. . . 

Let us, for example, deal with the case of the Amen· 
can soldiers. I find, on referring to Gould's Book, that 
1° of deviation was m their case r676 inches. The 
curve I hold in my hand has been drawn to that 
scale. I also find that their average height was 67'24 
inches. I have here a standard marked with feet and 
inches. I apply the curve to the standard, and imn:e-
diately we have a geometrical representation of the statis-
tics of height of all those soldiers. The lengths of th.e 
ordinates show the proportion of men at and about th.e1r 
heights, and the area between any pairs of ordinate~ g:ve 
the proportionate number of men _between those hmits. 

Complex traits are heritable but not in Mendelian fashion



Observations

• Progeny of smaller plants are, on average, smaller

• Progeny of larger plants are, on average, larger

• ALL HAVE THE SAME VARIANCE!



Complex traits are heritable but not in Mendelian fashion



Introduce properties of the plot

• Children of tall parents are taller than average, and children of short 
parents are shorter than average. 

• Children of tall parents are not as tall as their parents and children are 
not as short as their parents (regression to mediocrity).



E(Y|X)



Properties of the Galton plot

• E(Y|X) – conditional expectation (regression)

• Regression is linear: E(Y|X) = b1X 

• E(X|Y) = b2Y (both regressions are linear)



Var(Y|X)



Properties of the Galton plot

• Var(Y|X) is independent of X !



This distribution is bi-variate normal !

µ is mean

S is covariance matrix



Marginal distributions are normal

Conditional distributions are normal



The pedigree defines the covariance matrix !

Infinitesimal model: multivariate normal 
distribution in pedigrees





Locus 1 Locus 3Locus 2 Locus 4

Locus 5 Locus 6 Locus 7

Inheritance at each locus 
is Mendelian. Loci are 
independent

Phenotype is additive over locus 
effects -> normal distribution

Quantitative Trait Loci (QTLs)



Locus 1 Locus 3Locus 2 Locus 4

Locus 5 Locus 6 Locus 7

Liability distribution

Liability threshold

Binary (dichotomous) traits



Allelic effects – change in phenotypic mean 
per one allele a
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The model more formally

X – genotype represented as dosage of allele a

AA Aa aa

X 0 1 2

Xij – genotype of individual i at locus j

Yi –phenotype of individual i (we will assume E(Y)=0)

bj –allelic effect at locus j



The model more formally

Yi = β jXij +ε
j
∑ e ~

Genetic factors Non-genetic factors



The model more formally

y = Xβ +ε



This model explains

• Normal distribution in the population (why?)

• Bi-variate normal distribution on the Galton plot (why?)

• Regression to mediocrity (why?)



Questions about allelic architecture

• How much of the phenotypic variation is due to genes?

• How many loci are involved?

• Are alleles involved in the phenotype common or rare in the population?

• What about dominance?

• Do alleles interact?

• Do alleles have different effects in different environment?

• And BTW, what is biology behind the story?



We start from the effect of selection on 
quantitative traits

• Historically, observations on selection gave first clue about polygenicity of 
quantitative traits

• We will look at the same questions from a different perspective a little later
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Evidence in favor of the highly polygenic model



Weber, Genetics 1996; Barton & Keightley, Nature Reviews Genetics 2002 

Evidence in favor of the highly polygenic model



Johansson et al., PLOS Genetics 2010

Evidence in favor of the highly polygenic model



Breeder’s equation

S



Breeder’s equation

• Response to selection is proportional to election differential

• Coefficient of proportionality is called “heritability”. 

• Long-term linear response to selection means that heritability stays 
constant for a long time.



Similarly, heritability is the slope on the 
Galton’s plot

h2

ℎ! =
)𝐶𝑜𝑣(𝑥, 𝑦
)𝑉𝑎𝑟(𝑥



Everything is about variance



Law of total variance

𝑉𝑎𝑟 𝑌 = 𝐸 𝑉𝑎𝑟 𝑌 𝑋 + 𝑉𝑎𝑟[𝐸 𝑌 𝑋

Normal distribution has only two parameters. 

If we are interested in the population variation, we are only interested in variance.

How can we explain reasons for variation in phenotypes?

𝐹𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑑𝑢𝑒 𝑡𝑜 𝑓𝑎𝑐𝑡𝑜𝑟 𝑋:
)𝑉𝑎𝑟(𝑌|𝑋
)𝑉𝑎𝑟(𝑌



Variance decomposition
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Variance due to sex

Overall variance



Variance due to parental height



V = VG+ VE

Genetic contribution Everything else

Population variation is fully described by variance



VG = VA+ VD+ VI+ VM 

Main (additive) effects

Dominant effects

Genetic interactions

New mutations

Components of genetic variance
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Additive model

AA Aa aa

E(Y) 0 b 2b



Additive variance VA is genetic variance explained by the additive model

Additive variance

𝑌! =9𝛽"𝑋!" + 𝜀

𝑉𝑎𝑟(𝑌) = 𝑉𝑎𝑟 9𝛽"𝑋!" + 𝑉𝑎𝑟 𝜀

𝑉𝑎𝑟 𝑌 =9𝑉𝑎𝑟 𝛽"𝑋!" + 𝜀#

𝑉𝑎𝑟 𝑌 =9𝛽"#𝑉𝑎𝑟 𝑋!" + 𝜀#

𝑉𝑎𝑟 𝑌 =92𝛽"#𝑝"𝑞" + 𝜀#



Additive variance

𝑉𝑎𝑟 𝑌 =92𝛽"#𝑝"𝑞" + 𝜀#

Additive genetic variance (variance due to independent effects of alleles)

“Environmental” variance

𝑉$ =92𝛽"#𝑝"𝑞"



Broad sense

H 2 =
VG
V

Narrow sense

h2 = VA
V

Heritability



Now, we can bring together epidemiological (or 
experimental) observations and molecular data 

h2

ℎ! =
∑2𝛽"!𝑝"𝑞"

𝑉



VG = VA+ VD+ VI+ VM 

Main (additive) effects

Dominant effects

Genetic interactions

New mutations

Just to recap



Dominance and dominance variance
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Dominance and dominance variance
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Dominance variance 

• Dominance variance – variance unexplained by the additive model but 
explained by introducing dominance effects

• VD is zero for the additive model

• VD is usually large for the over-dominant model

• VD is surprisingly smaller than VA for the dominant (or recessive) model

Note that human medical genetics frequently uses a different definition of dominance 
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Epistatic variance VI is genetic variance that is not captured by the 
additive model but explained by interactions between alleles

Additive by additive pairwise epistasis

𝑌! =9
"

𝛽"𝑋!" +9
%&

𝛽%&𝑋!%𝑋!& + 𝜀

Variance component due to epistasis (genetic 
interactions)



Epistasis

• Dependency of allelic effects on genetic background

• You can think of it as of interaction of allelic effects (usually denoted GxG)

• For example, consider two loci with alleles A / a and B/ b

• Epistasis means that the effect of allele a is not the same for individuals with 
genotypes BB, Bb and bb

• In other words, effects of alleles a and b are not independent
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Epistatic variance

• For two loci, VI is usually small even in the presence of epistatic 
interactions (physiological epistasis). 

• Frequencies of all four haplotypes have to be substantial for VI to play a 
role

• VI can be large in case of sign epistasis. Sign epistasis is not biologically 
infeasible

• For multiple alleles, number of interacting terms is very large, so 
theoretically total VI can be large even if individual pairwise terms are small



Cov(MP,O) = 1
2
VA +

1
4
VI

Estimating heritability

Children inherit half of parental alleles 
but only quarter of interactions!



More generally, for relatives A and B of degree r

𝐶𝑜𝑣 𝑌$, 𝑌' =
1
𝑟
𝑉$ +

1
𝑟#
𝑉( Assuming no dominance

The long-term selection response suggests 
that the role of VI is limited

A recent study of social networks says that humans are not the exception 



Epistasis can be additive by dominant 
and dominant by dominant

Epistasis can be due to higher order 
interactions

Mutational variance VM – additional 
variance due to de novo mutations

Other variance components



For GWAS significant loci

𝐶𝑜𝑣 𝑀𝑃,𝑂
𝑉 𝑀𝑃

≫
∑2𝛽"#𝑝"𝑞"

𝑉



1. Common variants of weak effect

2. Rare variants of larger effect

3. Epistatic interactions

Cov(MP,O) = 1
2
VA +

1
4
VI

Likely reasons for missing heritability
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… and that’s not all!
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De Jager et al. Nat Genet 2009

Rubio et al. Nat Genet 2009

IMSGC Nature 2011

Patsopoulos et al. Ann Neurol 2011

2009

1 new  hit

ANZ GWAS
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Evidence in favor of the highly polygenic model
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A N A LY S I S

SNPs discovered by genome-wide association studies (GWASs) 
account for only a small fraction of the genetic variation of 
complex traits in human populations. Where is the remaining 
heritability? We estimated the proportion of variance for 
human height explained by 294,831 SNPs genotyped on 
3,925 unrelated individuals using a linear model analysis, and 
validated the estimation method with simulations based on 
the observed genotype data. We show that 45% of variance 
can be explained by considering all SNPs simultaneously. Thus, 
most of the heritability is not missing but has not previously 
been detected because the individual effects are too small 
to pass stringent significance tests. We provide evidence 
that the remaining heritability is due to incomplete linkage 
disequilibrium between causal variants and genotyped SNPs, 
exacerbated by causal variants having lower minor allele 
frequency than the SNPs explored to date.

GWASs in human populations have discovered hundreds of SNPs 
 significantly associated with complex traits1,2, yet for any one 
trait they typically account for only a small fraction of the genetic 
 variation. Where is the missing heritability, the so-called dark matter 
of the genome3,4? Suggested explanations include the existence of 
gene-by-gene or gene-by-environment interactions5, the common 
disease–rare variant hypothesis6 and the possibility that inherited 
epigenetic factors cause resemblance between relatives7,8. However, 
the variance explained by the validated SNPs is usually much less than 
the narrow-sense heritability, the proportion of phenotypic variance 
due to additive genetic variance. Non-additive genetic effects do not 
contribute to the narrow-sense heritability, so explanations based on 
non-additive effects are not relevant to the problem of missing herit-
ability (Supplementary Note). There are two logical explanations 
for the failure of validated SNP associations to explain the estimated  
heritability: either the causal variants each explain such a small amount 

of variation that their effects do not reach stringent significance 
thresholds and/or the causal variants are not in complete linkage 
disequilibrium (LD) with the SNPs that have been genotyped. Lack 
of complete LD might, for instance, occur if causal variants have lower 
minor allele frequency (MAF) than genotyped SNPs. Here we test 
these two hypotheses and estimate the contribution of each to the 
heritability of height in humans as a model complex trait.

Height in humans is a classical quantitative trait, easy to measure 
and studied for well over a century as a model for investigating the 
genetic basis of complex traits9,10. The heritability of height has been 
estimated to be ~0.8 (refs. 9,11–13). Rare mutations that cause extreme 
short or tall stature have been found14,15, but these do not explain 
much of the variation in the general population. Recent GWASs on 
tens of thousands of individuals have detected ~50 variants that are 
associated with height in the population, but these in total account 
for only ~5% of phenotypic variance16–19.

Data from a GWAS that are collected to detect statistical associations 
between SNPs and complex traits are usually analyzed by testing each 
SNP individually for an association with the trait. To account for the 
large number of significance tests carried out, a very stringent P value 
is used. This reduces the occurrence of false positives, but it may cause 
many real associations to be missed, especially if individual SNPs have a 
small effect on the trait. An alternative approach designed to overcome 
this problem is to fit all the SNPs simultaneously20. The effects of the 
SNPs are treated statistically as random, and the variance explained by 
all the SNPs together is estimated. This approach, which we use here, 
does not attempt to test the significance of individual SNPs but provides 
an unbiased estimate of the variance explained by the SNPs in total.

RESULTS
Estimating genetic variance explained by genome-wide SNPs
From a number of GWASs, we selected 4,259 individuals who were 
not knowingly related to one another and confirmed this with SNP 
data. We then estimated their pairwise genetic relationships using 
all autosomal markers (MAF q 0.01) and retained 3,925 individuals 
(3,248 adults and 677 16-year-olds) whose pairwise relationship was 
estimated at less than 0.025 (maximum relatedness approximately 
corresponding to cousins two to three times removed; Supplementary 
Fig. 1). We fitted a linear model to the height data and used restricted 
maximum likelihood (REML)21 to estimate the variance explained 
by the SNPs. (In the Online Methods, we show how this can be 
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Evidence in favor of the highly polygenic model



AA Aa aa

Genotypes 0 1 2

Normalized 
genotypes

Normalized 
genotypes

0−E(X)
Var(X)

1−E(X)
Var(X)

2−E(X)
Var(X)

−2q
2pq

p− q
2pq

2p
2pq

In these notations,  𝑉! =+𝛽"



Yi = β jXij +ε
j
∑

Xij – Normalized genotype of individual i at SNP j

In the matrix form:

y = Xβ +ε

GRM =
1
N
XXT

Now, assume that allelic effects are random

𝛽~𝑁 0, 𝜎# 𝑉$ = 𝑀 K 𝜎#



Cov(ui,uk ) =
1
N
σ 2 XijXik

j
∑

Yi = µi +ui +ε

u ~ MVN 0,σ 2GRM( )

We assume that all SNPs have effects on the trait 
drawn from a normal distribution 

If we assume that genetic effects are random



The pedigree defines the covariance matrix !

Another way to think about it: extending the 
infinitesimal model



•Assume that the distribution of the trait is multivariate 
normal.

•Covariance matrix is given by the observed covariance 
of genotypes (rather than pedigree, IBS instead or IBD)

• This covariance matrix is scaled by additive genetic 
variance

For the whole population



This model explains a large fraction 
(although not all) of heritability



• The model literally assumes that all of the genome is important for the trait
• What can be the biological effect of so many loci?

• Natural selection is expected to rapidly eliminate variants and reduce allele 
frequency of remaining variants

• Variants must be either very rare or of very small effect sizes

Challenges of the polygenic model



Effective 
population 
size:
N=10,000

0.01                                 Minor allele frequency                          0.5

Heritability by allele frequency



Rare coding alleles have larger effect sizes



However,	 neither	 GREML	 nor	 Bayesian	 MLM	 approaches	 explicitly	 model	 the	 relationship	73	
between	effect	size	and	MAF,	an	important	characteristic	of	the	genetic	architecture	for	complex	74	
traits.	This	relationship	can	be	used	to	detect	signatures	of	natural	selection7,25	and	inform	the	75	
design	of	future	genetic	mapping	studies.		76	
	77	
In	this	study,	we	developed	an	MLM-based	Bayesian	method	that	can	simultaneously	estimate	78	
SNP-based	 heritability,	 polygenicity	 and	 the	 joint	 distribution	 of	 effect	 size	 and	 MAF	 in	79	
conventionally	unrelated	 individuals	using	GWAS	data.	We	applied	 the	method	 to	28	complex	80	
traits	in	the	UK	Biobank	(UKB)	data26,	and	27,869	gene	expression	traits	in	the	Consortium	for	81	
the	Architecture	of	Gene	Expression	(CAGE)	dataset27,	and	identified	a	number	of	complex	traits	82	
and	 gene	 expression	 traits	 for	which	 there	 is	 significant	 evidence	 of	 natural	 selection	 on	 the	83	
associated	SNPs.		84	
	85	
Results	86	
Method	overview	87	
Under	the	Bayesian	MLM	framework,	we	propose	to	model	the	relationship	between	effect	size	88	
and	MAF	using	the	following	mixture	distribution	as	prior	for	each	SNP	effect		89	
	90	

!"	~	% 0, 2)"(1 − )")
./01 2 + 	4 1 − 2 	91	

	92	

where	!" 	is	 the	 allelic	 substitution	 effect	 of	 a	 SNP	 j,	)" 	is	 the	MAF	of	 the	 SNP,	/01	is	 a	 constant	93	

factor	(i.e.	variance	of	SNP	effects	under	a	neutral	model),	4	is	a	point	mass	at	zero,	and	2	is	the	94	
proportion	of	SNPs	with	nonzero	effects	(polygenicity).	The	variance	of	the	effect	size	of	SNP	j	is	95	

/"1 = 2)"(1 − )")
./01,	which	is	a	function	of	MAF	of	the	SNP.	Thus,	the	parameter	6	measures	96	

the	 relationship	 between	 effect	 size	 and	MAF.	 If	6 = 0,	 the	 effect	 size	 is	 independent	 of	MAF	97	
(neutral	model).	If	there	is	selection,	the	effect	size	can	be	positively	(S	>	0)	or	negatively	(S	<	0)	98	
related	to	MAF.	All	these	parameters	are	treated	as	unknown	with	appropriate	priors	(Online	99	
Methods).	 Our	 model	 (referred	 to	 as	 BayesS)	 allows	 simultaneous	 estimation	 of	 multiple	100	
characteristics	of	 the	 genetic	 architecture:	 SNP-based	heritability	 (ℎ.891 ),	 polygenicity	 (2)	 and	101	
the	relationship	between	SNP	effect	and	MAF	(S).	We	use	a	gradient-based	sampling	algorithm,	102	
Hamiltonian	Monte	Carlo28,	to	sample	S	from	the	posterior	distribution,	and	use	Gibbs	sampling	103	
for	other	parameters	in	the	model	by	assuming	conjugate	priors.	Furthermore,	we	use	a	parallel	104	
computing	strategy	following	Fernando	et	al.29	to	allow	the	analysis	to	be	scalable	to	very	large	105	
samples	sizes	(% > 100,000).	Details	of	sampling	scheme	and	parallel	computing	strategies	are	106	
given	in	the	Supplementary	Note.	107	
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Figure	2:	Posterior	distributions	of	the	genetic	architecture	parameters	for	height	versus	BMI	using	781	

data	 from	 UKB.	 S	 measures	 the	 relationship	 between	 SNP	 effect	 size	 and	 MAF.	 Polygenicity	 is	782	

defined	as	the	proportion	of	SNPs	with	nonzero	effects.	783	

	784	

	 	785	
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Figure	 3:	 Posterior	 modes	 with	 credible	 intervals	 for	 the	 genetic	 architecture	 parameters	 using	786	

BayesS.	Results	are	for	the	28	UKB	complex	traits	that	had	passed	convergence	tests	on	the	MCMC	787	

chain.	The	bold	 line	 represents	95%	credible	 interval	 (highest	posterior	density,	HPD)	and	 the	 thin	788	

line	represents	90%	credible	 interval.	Sample	size	N	 for	each	trait	 is	shown	by	the	colour	gradient.	789	

Polygenicity	is	defined	as	the	proportion	of	genome-wide	SNPs	with	nonzero	effects	on	the	trait.	790	

	791	
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Figure	4:	Cumulative	genetic	variance	explained	by	SNPs	with	MAF	smaller	than	a	threshold	on	the	x-793	

axis.	 The	 lines	 are	 the	 posterior	 means	 for	 the	 23	 UKB	 complex	 traits	 from	 UKB	 for	 which	 the	794	

estimates	of	S	were	 significantly	 different	 from	 zero.	 Shadow	 shows	 the	posterior	 standard	 error.	795	

The	inner	graph	shows	the	relationship	between	the	area	under	the	curve	(AUC)	of	the	cumulative	796	

genetic	variance	and	negative	6	(bar	shows	s.e.)	across	traits.		797	

	798	

	 	799	
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GxG interactions



Epistatic variance VI is genetic variance that is not captured by the 
additive model but explained by interactions between alleles

𝑌! =9
"

𝛽"𝑋!" +9
%&

𝛽%&𝑋!%𝑋!& + 𝜀

Variance component due to epistasis 
(genetic interactions)



Epistasis

• Dependency of allelic effects on genetic background

• You can think of it as of interaction of allelic effects (usually denoted GxG)

• For example, consider two loci with alleles A / a and B/ b

• Epistasis means that the effect of allele a is not the same for individuals with 
genotypes BB, Bb and bb

• In other words, effects of alleles a and b are not independent
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Epistatic variance

• For two loci, VI is usually small even in the presence of epistatic 
interactions (physiological epistasis). 

• Frequencies of all four haplotypes have to be substantial for VI to play a 
role

• VI can be large in case of sign epistasis. Sign epistasis is not biologically 
infeasible

• For multiple alleles, number of interacting terms is very large, so 
theoretically total VI can be large even if individual pairwise terms are small



Cov(MP,O) = 1
2
VA +

1
4
VI

Estimating heritability

Children inherit half of parental alleles 
but only quarter of interactions!



• In human genetics, epistatic interactions between common variants have 
not been observed.

• In a model with two (or several) loci, contribution of epistatic variance is 
relatively small.

• Long term response to selection in model organisms seems to contradict 
the importance of epistasis.

Why is epistatic variance commonly disregarded?



Evidence against epistasis



• A non-linear model involving many loci would generate a large epistatic
variance.

• Interactions would be statistically undetectable.

• The model would not generate significant deviations from the observations.

• As an example, we may consider a model with multiple pathways involved.

Why might epistatic variance be of importance?



A1 B1 C1

A2 B2 C2

Multiple pathway model



• The map seems to be highly dimensional

• It is surprisingly linear, as far as we know at the time

Genotype-phenotype map



What is biology behind this?


