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GENOTYPE PHENOTYPE

Genetics

Why	  are	  we	  doing	  genetics?

The	  role	  of	  statistics

• Genetics	  for	  statistics	  is	  what	  physics	  is	  for	  
mathematics

• Genetics	  is	  a	  leading	  motivation	  for	  
development	  of	  new	  basic	  statistics

• Statistics	  is	  the	  main	  formal	  instrument	  
(although	  not	  the	  only	  one)

3

Simple	  and	  Complex	  Phenotypes

Complex	  phenotype

Simple	  phenotype

Complex	  traits	  are	  heritable	  but	  not	  in	  Mendelian
fashion

Complex	  traits	  are	  heritable	  but	  not	  in	  Mendelian
fashion



Quantitative	  Trait	  Loci	  (QTLs)

Locus	  1 Locus	  3Locus	  2 Locus	  4

Locus	  5 Locus	  6 Locus	  7

Inheritance	  at	  each	  locus	  
is	  Mendelian.	  Loci	  are	  
independent

Phenotype	  is	  additive	  over	  locus	  
effects	  -‐>	  normal	  distribution

Dichotomous	  complex	  traits	  such	  as	  
disease

Locus	  1 Locus	  3Locus	  2 Locus	  4

Locus	  5 Locus	  6 Locus	  7

Liability	  distribution

Liability	  threshold

Population	  variation	  is	  fully	  
described	  by	  variance

V	  =	  VG+	  VE

Genetic	  contribution Everything	  else

Variance	  decomposition
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Variance	  around	  
the	  mean	  

Variance	  of	  
means	  

Components	  of	  genetic	  variance

VG =	  VA+	  VD+	  VI+	  VM	  

Main	  (additive)	  effects

Dominant	  effects

Genetic	  interactions

New	  mutations



Regression
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Additive	  variance

Additive	  variance	  VA is	  variance	  explained	  by	  the	  model

Yj = βiXij
i
∑ +ε

VA = 2 βi
2xi 1− xi( )

i
∑

Variance	  components	  due	  to	  
dominance	  and	  epistasis
Dominance	  variance	  VD is	  variance	  explained	  by	  the	  

residuals	  of	  the	  model	  additive	  over	  loci

Epistatic variance	  VI is	  genetic	  variance	  that	  is	  not	  captured	  by	  
the	  model	  additive	  over	  loci	  (presumably	  due	  to	  interactions)

Yi = β jXij
j
∑ + β jkXijXik

j
∑ +ε

Additive	  by	  additive	  pairwise	  epistasis

Other	  variance	  components

Epistasis	  can	  be	  additive	  by	  dominant	  
and	  dominant	  by	  dominant

Epistasis	  can	  be	  due	  to	  higher	  order	  
interactions

Mutational	  variance	  VM – additional	  
variance	  due	  to	  de	  novomutations

Heritability

Broad	  sense

H 2 =
VG
V

Narrow	  sense

h2 = VA
V



Cov(MP,O) = 1
2
VA +

1
4
VI

h2 = VA
V
≈
Cov(MP,O)
V (MP)

Narrow	  sense	  heritability

Estimating	  heritability Breeder’s	  equation

Breeder’s	  equation With	  genotypic	  information	  in	  
hand

Regress	  phenotype	  on	  genotype

Yi = β jXij +ε
j
∑

Additive	  variance

VA = 2 β j
2x j 1− x j( )

j
∑

Narrow	  sense	  heritability

h2 = VA
V

In	  the	  Ideal	  World
Regress	  phenotype	  on	  genotype

Identify	  significant	  and	  reproducible	  associations.	  
Estimate	  effect	  sizes.	  Estimate	  additive	  variance.

V
∧

A = 2 β
∧

i

2

xi 1− xi( )
i

known

∑
Reality:	  missing	  heritability

h
∧ 2

=
V
∧

A

V
<<

Cov(MP,O)
V (MP)

Yi = β jXij +ε
j
∑

Current	  GWAS	  explain	  a	  minor	  fraction	  of	  
heritability

Height	  – 10%,	  Blood	  lipids	  – 12%



1. Common variants of weak effect

2. Rare variants of larger effect

3. Epistatic interactions

Likely	  reasons	  for	  missing	  heritability

Cov(MP,O) = 1
2
VA +

1
4
VI

• How	  many	  loci	  are	  involved?
• Is	  variation	  underlying	  the	  trait	  rare	  or	  
common?
• What	  is	  the	  distribution	  of	  effect	  sizes	  of	  
variants	  involved	  in	  the	  trait?
• What	  is	  the	  role	  of	  epistasis	  and	  
dominance?

Questions	  about	  allelic	  architecture	  

GxG interactions

• In	  human	  genetics,	  epistatic interactions	  between	  
common	  variants	  have	  not	  been	  observed.

• In	  a	  model	  with	  two	  (or	  several)	  loci,	  contribution	  
of	  epistatic variance	  is	  relatively	  small.

• Long	  term	  response	  to	  selection	  in	  model	  
organisms	  seems	  to	  contradict	  the	  importance	  of	  
epistasis.

Why	  is	  epistasic variance	  commonly	  
disregarded?

Any	  evidence	  for	  or	  against	  epistasis?

• A	  non-‐linear	  model	  involving	  many	  loci	  would	  
generate	  a	  large	  epistatic variance.

• Interactions	  would	  be	  statistically	  undetectable.

• The	  model	  would	  not	  generate	  significant	  
deviations	  from	  the	  observations.

• As	  an	  example,	  we	  may	  consider	  a	  model	  with	  
multiple	  pathways	  involved.

Why	  is	  epistasic variance	  might	  be	  of	  
importance?



Multiple	  pathway	  model

A1 B1 C1

A2 B2 C2

Evidence	  in	  favor	  of	  the	  highly	  polygenic	  model

Evidence	  in	  favor	  of	  the	  highly	  polygenic	  model Evidence	  in	  favor	  of	  the	  highly	  polygenic	  model
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A N A LY S I S

SNPs discovered by genome-wide association studies (GWASs) 
account for only a small fraction of the genetic variation of 
complex traits in human populations. Where is the remaining 
heritability? We estimated the proportion of variance for 
human height explained by 294,831 SNPs genotyped on 
3,925 unrelated individuals using a linear model analysis, and 
validated the estimation method with simulations based on 
the observed genotype data. We show that 45% of variance 
can be explained by considering all SNPs simultaneously. Thus, 
most of the heritability is not missing but has not previously 
been detected because the individual effects are too small 
to pass stringent significance tests. We provide evidence 
that the remaining heritability is due to incomplete linkage 
disequilibrium between causal variants and genotyped SNPs, 
exacerbated by causal variants having lower minor allele 
frequency than the SNPs explored to date.

GWASs in human populations have discovered hundreds of SNPs 
 significantly associated with complex traits1,2, yet for any one 
trait they typically account for only a small fraction of the genetic 
 variation. Where is the missing heritability, the so-called dark matter 
of the genome3,4? Suggested explanations include the existence of 
gene-by-gene or gene-by-environment interactions5, the common 
disease–rare variant hypothesis6 and the possibility that inherited 
epigenetic factors cause resemblance between relatives7,8. However, 
the variance explained by the validated SNPs is usually much less than 
the narrow-sense heritability, the proportion of phenotypic variance 
due to additive genetic variance. Non-additive genetic effects do not 
contribute to the narrow-sense heritability, so explanations based on 
non-additive effects are not relevant to the problem of missing herit-
ability (Supplementary Note). There are two logical explanations 
for the failure of validated SNP associations to explain the estimated  
heritability: either the causal variants each explain such a small amount 

of variation that their effects do not reach stringent significance 
thresholds and/or the causal variants are not in complete linkage 
disequilibrium (LD) with the SNPs that have been genotyped. Lack 
of complete LD might, for instance, occur if causal variants have lower 
minor allele frequency (MAF) than genotyped SNPs. Here we test 
these two hypotheses and estimate the contribution of each to the 
heritability of height in humans as a model complex trait.

Height in humans is a classical quantitative trait, easy to measure 
and studied for well over a century as a model for investigating the 
genetic basis of complex traits9,10. The heritability of height has been 
estimated to be ~0.8 (refs. 9,11–13). Rare mutations that cause extreme 
short or tall stature have been found14,15, but these do not explain 
much of the variation in the general population. Recent GWASs on 
tens of thousands of individuals have detected ~50 variants that are 
associated with height in the population, but these in total account 
for only ~5% of phenotypic variance16–19.

Data from a GWAS that are collected to detect statistical associations 
between SNPs and complex traits are usually analyzed by testing each 
SNP individually for an association with the trait. To account for the 
large number of significance tests carried out, a very stringent P value 
is used. This reduces the occurrence of false positives, but it may cause 
many real associations to be missed, especially if individual SNPs have a 
small effect on the trait. An alternative approach designed to overcome 
this problem is to fit all the SNPs simultaneously20. The effects of the 
SNPs are treated statistically as random, and the variance explained by 
all the SNPs together is estimated. This approach, which we use here, 
does not attempt to test the significance of individual SNPs but provides 
an unbiased estimate of the variance explained by the SNPs in total.

RESULTS
Estimating genetic variance explained by genome-wide SNPs
From a number of GWASs, we selected 4,259 individuals who were 
not knowingly related to one another and confirmed this with SNP 
data. We then estimated their pairwise genetic relationships using 
all autosomal markers (MAF  0.01) and retained 3,925 individuals 
(3,248 adults and 677 16-year-olds) whose pairwise relationship was 
estimated at less than 0.025 (maximum relatedness approximately 
corresponding to cousins two to three times removed; Supplementary 
Fig. 1). We fitted a linear model to the height data and used restricted 
maximum likelihood (REML)21 to estimate the variance explained 
by the SNPs. (In the Online Methods, we show how this can be 

Common SNPs explain a large proportion of the heritability 
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If	  SNP1	  is	  causal	  and	  SNP2	  is	  not,	  
the	  apparent	  association	  of	  SNP2	  is: β

^

2 = β1 ⋅ r12

In	  non-‐normalized	  genotypes β
^

2 = β1 ⋅ r12 ⋅
Var(X1)
Var(X2 )

Yi = β jXij +ε
j
∑

Xij – Normalized	  genotype	  of	  individual	  i at	  SNP	  j

In	  the	  matrix	  form:

y = Xβ +ε
Two	  important	  matrices:

LD =
1
M
XTX

GRM =
1
N
XXT



Principle	  component	  analysis	  (PCA)

GRM =
1
N
XXT

Principle	  component	  are	  eigenvectors

First	  principle	  component	  corresponds	  to	  the	  largest	  eigenvalue

Europe

• We	  can	  model	  effects	  of	  individual	  variants	  as	  
random	  effects	  distributed	  as	  N(0,s2).

• Random	  effect	  model	  is	  a	  model	  with	  error	  terms	  
drawn	  from	  a	  multivariate	  normal	  distribution.

• In	  the	  infinitesimal	  model,	  co-‐variance	  matrix	  can	  
be	  approximated	  using	  IBS	  (not	  IBD).	  

Linear	  Mixed	  Models	  (LMM)
Linear	  Mixed	  Model	  (LMM)

For	  each	  SNP	  we	  can	  fit	  the	  model

Yi = βXi +ui +ε

ε ~ N 0, Iσ 2( ) u ~ MVN 0,GRM( )

Our	  model

Yi = β jXij +ε
j
∑

We	  have	  to	  fit	  markers	  individually

Yi = β1X1 + β jXij +ε
j=2
∑ ~ β1X1 +ε '

Remember	  from	  the	  Galton	  plot

Parent	  and	  offspring	  share	  50%	  of	  DNA	  (IBD)

Cov(P,O) = 1
2
VA

More	  generally,	  if	  fraction	  of	  the	  genome	  IBD	  is	  r

Cov(A,B) = 1
r
VA

If	  we	  assume	  that	  genetic	  effects	  are	  random

Cov(ui,uk ) =
1
N
σ 2 XijXik

j
∑

Yi = µi +ui +ε

u ~ MVN 0,σ 2GRM( )

We	  assume	  that	  all	  SNPs	  have	  effects	  on	  the	  trait	  
drawn	  from	  a	  normal	  distribution	  



Challenges	  of	  the	  polygenic	  model

1) Need	  for	  a	  very	  large	  target	  size

2) Natural	  selection	  is	  expected	  to	  rapidly	  eliminate	  variants	  and	  reduce	  allele	  
frequency	  of	  remaining	  variants

3) Variants	  must	  be	  either	  very	  rare	  or	  of	  very	  small	  effect	  sizes

Stabilizing	  selection	  is	  the	  most	  common	  type	  
of	  selection	  on	  a	  quantitative	  trait

Stabilizing	  selection

Selection	  may	  be	  related	  or	  unrelated	  to	  the	  trait

Forces to maintain variation:

Selection

Mutation

Technically,	  non-‐neutral	  genetic	  variation	  
should	  not	  exist!

Why	  does	  a	  common	  genetic	  disease	  exist?

From evolutionary perspective common genetic disease should not exist: 
natural selection should remove disease-causing alleles from the population

• Disease	  late	  onset (after	  the	  reproductive	  age)

• Changed	  environment	  and	  lifestyle	  (Selection	  direction	  reversal)

• Compensatory	  positive	  effect

Balancing	  selection
Frequency	  dependent	  selection
Antagonistic	  pleiotropy	  (Trade	  Off)

Theory 1: MEDICALLY	  detrimental	  polymorphisms	  are	  not	  
EVOLUTIONARY	  deleterious

Examples: APOE (Alzheimer’s disease), AGT (Hypertension), CYP3A 
(Hypertension)

• Weak	  selection

• High	  mutation	  rate

Mutation/selection	  balance

CURRENT	  ESTIMATE:
~70	  new	  mutations	  per	  genome
~1	  new	  coding	  mutation	  per	  genome

Theory 2: Common	  diseases	  are	  due	  to	  multiple deleterious	  alleles	  
in	  mutation-‐selection	  balance

Effective	  
population	  
size:
N=10,000

Heritability	  by	  allele	  frequency

0.01	  	  	  	  	  	  	  	  	  	  Minor	  allele	  frequency	  	  	  	  	  	  	  	  	  	  	  	  0.5



Rare	  coding	  alleles	  have	  larger	  effect	  sizes Evidence	  in	  favor	  of	  the	  highly	  polygenic	  model

However,	 neither	 GREML	 nor	 Bayesian	 MLM	 approaches	 explicitly	 model	 the	 relationship	73	
between	effect	size	and	MAF,	an	important	characteristic	of	the	genetic	architecture	for	complex	74	
traits.	This	relationship	can	be	used	to	detect	signatures	of	natural	selection7,25	and	inform	the	75	
design	of	future	genetic	mapping	studies.		76	
	77	
In	this	study,	we	developed	an	MLM-based	Bayesian	method	that	can	simultaneously	estimate	78	
SNP-based	 heritability,	 polygenicity	 and	 the	 joint	 distribution	 of	 effect	 size	 and	 MAF	 in	79	
conventionally	unrelated	 individuals	using	GWAS	data.	We	applied	 the	method	 to	28	complex	80	
traits	in	the	UK	Biobank	(UKB)	data26,	and	27,869	gene	expression	traits	in	the	Consortium	for	81	
the	Architecture	of	Gene	Expression	(CAGE)	dataset27,	and	identified	a	number	of	complex	traits	82	
and	 gene	 expression	 traits	 for	which	 there	 is	 significant	 evidence	 of	 natural	 selection	 on	 the	83	
associated	SNPs.		84	
	85	
Results	86	
Method	overview	87	
Under	the	Bayesian	MLM	framework,	we	propose	to	model	the	relationship	between	effect	size	88	
and	MAF	using	the	following	mixture	distribution	as	prior	for	each	SNP	effect		89	
	90	

!"	~	% 0, 2)"(1 − )")
./01 2 + 	4 1 − 2 	91	

	92	

where	!" 	is	 the	 allelic	 substitution	 effect	 of	 a	 SNP	 j,	)" 	is	 the	MAF	of	 the	 SNP,	/01	is	 a	 constant	93	

factor	(i.e.	variance	of	SNP	effects	under	a	neutral	model),	4	is	a	point	mass	at	zero,	and	2	is	the	94	
proportion	of	SNPs	with	nonzero	effects	(polygenicity).	The	variance	of	the	effect	size	of	SNP	j	is	95	

/"1 = 2)"(1 − )")
./01,	which	is	a	function	of	MAF	of	the	SNP.	Thus,	the	parameter	6	measures	96	

the	 relationship	 between	 effect	 size	 and	MAF.	 If	6 = 0,	 the	 effect	 size	 is	 independent	 of	MAF	97	
(neutral	model).	If	there	is	selection,	the	effect	size	can	be	positively	(S	>	0)	or	negatively	(S	<	0)	98	
related	to	MAF.	All	these	parameters	are	treated	as	unknown	with	appropriate	priors	(Online	99	
Methods).	 Our	 model	 (referred	 to	 as	 BayesS)	 allows	 simultaneous	 estimation	 of	 multiple	100	
characteristics	of	 the	 genetic	 architecture:	 SNP-based	heritability	 (ℎ.891 ),	 polygenicity	 (2)	 and	101	
the	relationship	between	SNP	effect	and	MAF	(S).	We	use	a	gradient-based	sampling	algorithm,	102	
Hamiltonian	Monte	Carlo28,	to	sample	S	from	the	posterior	distribution,	and	use	Gibbs	sampling	103	
for	other	parameters	in	the	model	by	assuming	conjugate	priors.	Furthermore,	we	use	a	parallel	104	
computing	strategy	following	Fernando	et	al.29	to	allow	the	analysis	to	be	scalable	to	very	large	105	
samples	sizes	(% > 100,000).	Details	of	sampling	scheme	and	parallel	computing	strategies	are	106	
given	in	the	Supplementary	Note.	107	
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Evidence	  in	  favor	  of	  the	  highly	  polygenic	  model

Figure	2:	Posterior	distributions	of	the	genetic	architecture	parameters	for	height	versus	BMI	using	781	

data	 from	 UKB.	 S	 measures	 the	 relationship	 between	 SNP	 effect	 size	 and	 MAF.	 Polygenicity	 is	782	

defined	as	the	proportion	of	SNPs	with	nonzero	effects.	783	

	784	

	 	785	
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Figure	 3:	 Posterior	 modes	 with	 credible	 intervals	 for	 the	 genetic	 architecture	 parameters	 using	786	

BayesS.	Results	are	for	the	28	UKB	complex	traits	that	had	passed	convergence	tests	on	the	MCMC	787	

chain.	The	bold	 line	 represents	95%	credible	 interval	 (highest	posterior	density,	HPD)	and	 the	 thin	788	

line	represents	90%	credible	 interval.	Sample	size	N	 for	each	trait	 is	shown	by	the	colour	gradient.	789	

Polygenicity	is	defined	as	the	proportion	of	genome-wide	SNPs	with	nonzero	effects	on	the	trait.	790	

	791	

	 	792	
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Evidence	  in	  favor	  of	  the	  highly	  polygenic	  modelFigure	4:	Cumulative	genetic	variance	explained	by	SNPs	with	MAF	smaller	than	a	threshold	on	the	x-793	

axis.	 The	 lines	 are	 the	 posterior	 means	 for	 the	 23	 UKB	 complex	 traits	 from	 UKB	 for	 which	 the	794	

estimates	of	S	were	 significantly	 different	 from	 zero.	 Shadow	 shows	 the	posterior	 standard	 error.	795	

The	inner	graph	shows	the	relationship	between	the	area	under	the	curve	(AUC)	of	the	cumulative	796	

genetic	variance	and	negative	6	(bar	shows	s.e.)	across	traits.		797	

	798	

	 	799	
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Rare  variants



Combine	  all	  non-‐synonymous	  variants	  in	  a	  single	  
test

Theory:
1) Most new missense mutations are 

functional (mutagenesis, population 
genetics, comparative genomics)

2) Most new missense mutations are only 
weakly deleterious (population genetics)

3) Most functional missense mutations are 
likely to influence phenotype in the same 
direction (mutagenesis, medical genetics)    

Data:
multiple candidate gene studies

HDL-C, LDL-C, Triglycerides, BMI, Blood 
pressure, Colorectal adenomas Quantitative trait

Lowest values Highest values

Study	  design

ControlDisease

This	  is	  a	  direct	  association!

ControlDisease

This	  is	  a	  direct	  association!

Neutral	  variantsFunctional	  variants
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A315V
Q313X
Q295X
T292I
R289C R289C

Q283R
V281M

E279D
L277P
P272Q
A262S
R259S

E255G E255G
E255K

I246M

P215L
V213M

G185C
G175A
E168D

E99K
E98D
Q97X

R94W

R40MR40M

D37E

M92fs
R93Q

L60H

R94W

Q97X
Q95X

E98D
E99K
A105S
E116X 
R143fs
Q145R
G164R

Q145R

G185C
S197G

R233W
A222V
P215L

H321L
P319L

G334V
R343C
L363Q

E81K

A315V

H321L

L363R

84 mutations found
in 6,078 cases

Unique to cases
Unique to controls
Observed in cases and
controls

39 mutations found
in 6,241 controls



Y419X

R350X

S70fs
Q33X

Q102X
g.IVS3+1A>G

S99X

E140X
C155X

g.IVS9+1A>G

Y489X

W533X
g.IVS10+1G>A

g.IVS12+2C>T

C68IX I687fs

Q770X

L804fs

C143X

24 mutations found
in 4,703 cases

Unique to cases
Unique to controls

2 mutations found
in 5,090 controls
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